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Two ideas
(by people much smarter than me)



Formalising useful abstractions in 
quantum computing

“[F]ormalizing useful abstractions in 
quantum computing for the manipulation 
of quantum information [..] is still nascent, 
and may have great use in the development 
of higher level quantum programming 
languages as we attempt to move away 
from a gate-level understanding of 
quantum computations.”



• Developing a high-level 
understanding of quantum 
computing, for example to lead the 
development of quantum 
programming languages


• Developing abstractions for 
quantum computing, for example 
to allow us to formalise results 
about quantum computing in a 
proof assistant, in a way that 
mirrors our high-level 
understanding.

Formalising useful abstractions in 
quantum computing



Quantum computation as a 
completion

“It’s really something that is special for 
quantum computation because it’s 
somehow ‘complete’ — quantum 
computation is some kind of completion, 
mathematically, of classical computation. I 
think of this as maybe similar to the fact 
that the complex numbers are an algebraic 
closure of the real numbers.”



• The Toffoli gate is universal for 
classical reversible computing.


• The Hadamard gate is 
fundamentally quantum: it 
introduces and eliminates 
uniform superpositions of states.


• Theorem (Aharonov-Shi): 
Toffoli+Hadamard is universal for 
quantum computing.

Aharonov-Shi theorem



In this talk

• I’ll describe a framework which formalises quantum computation into a small 
set of generating maps and equations which


• introduces the ability to stop (certain) classical computations partway as a 
fundamental abstraction of quantum computation,


• exhibits quantum computing as a completion of classical (reversible) 
computing,


• can faithfully replace the linear algebraic formulation of quantum 
computation, and is


• implementable directly in modern proof assistants, such as Agda or Lean.



Free quantum computing?



• The defining property of a free 
model: 


• it realises our axioms of 
quantum computation, and 
there is a unique interpretation 
of the free model in any other 
model satisfying our axioms. 


• In this sense, the free model 
contains exactly what is needed 
to form a model, and nothing 
more.

Free models



Starting point: Rig categories

f : X → Y g : Y → Z
g ∘ f : X → Z

idX : X → X

( f ∘ g) ∘ h = f ∘ (g ∘ h)
idY ∘ f = f = f ∘ idX

f : X → Y g : X′￼ → Y′￼

f ⊗ g : X ⊗ X′￼ → Y ⊗ Y′￼

(X ⊗ Y) ⊗ Z ≃ X ⊗ (Y ⊗ Z)
X ⊗ I ≃ X ≃ I ⊗ X

X ⊗ Y ≃ Y ⊗ X

f : X → Y g : X′￼ → Y′￼

f ⊕ g : X ⊕ X′￼ → Y ⊕ Y′￼

(X ⊕ Y) ⊕ Z ≃ X ⊕ (Y ⊕ Z)
X ⊕ O ≃ X ≃ O ⊕ X

X ⊕ Y ≃ Y ⊕ X

X ⊗ (Y ⊕ Z) ≃ (X ⊗ Y) ⊕ (X ⊗ Z)
X ⊗ O ≃ O



Rig categories and finite bijections

• Rig categories can express all generators of 
symmetric groups: it is universal for finite 
bijections (i.e., it can express all of them).


• Rig categories with only invertible maps are 
called rig groupoids.


• Rig categories must satisfy a number of 
equations, coherence conditions.


• These equations are complete (fully abstract) for 
finite bijections, in the sense that any two finite 
bijections  and  are equal (as functions) if 
and only if it can be shown using the coherence 
conditions.

π1 π2



Sprinkle in a few square roots: Πk

We extend the language of rig groupoids by adding two base isomorphisms




and four axioms governing them


  (E1) 


  (E2) 


  (E3) 


  (E4) if  then  (and )


where  and . We call the resulting language  (first introduced under the 
name )

ζk : I ↔ I 𝖵 : I ⊕ I ↔ I ⊕ I

𝖵2 = 𝖷 = σ⊕
I⊕I

ζ2k

k = id1

𝖵 ∘ 𝖲 ∘ 𝖵 = 𝖲 ∘ 𝖵 ∘ 𝖲
f ⊕ g = f′￼⊕ g′￼ f = f′￼ g = g′￼

𝖲 = id ⊕ ζ2k−2

k k ≥ 2 Πk
Π = Π3



Models of Πk

• Models of  are rig groupoids  with distinguished maps 
 and  such that 


• There is a mapping  of types to objects and programs to morphisms 
satisfying ,  , and the axioms of a rig functor.


•  implies .

Πk (C, I, O, ⊗, ⊕)
ζk : I → I 𝖵 : I ⊕ I → I ⊕ I

[[ ⋅ ]]
[[ζk]] = ζk [[𝖵]] = 𝖵

f = g [[ f ]] = [[g]]



Models of Πk

• The category Unitary of finite dimensional Hilbert spaces and unitaries is a rig 
category: tensor product as , and direct sum as .


• Since every unitary is invertible, this is a rig groupoid.


• Choosing





we see that Unitary is a model of .

⊗ ⊕

ζk = e2πi/2k 𝖵 =
1
2 (1 + i 1 − i

1 − i 1 + i)
Πk



Models of Πk

• Unlike Unitary,  is presented by a discrete set of generators and relations. 

• It corresponds more directly to programs executable on realistic quantum 
hardware (where only a discrete gate set is available).


• It corresponds to a stand-alone equational system that can be directly 
implemented in a proof assistant. 

•  is computationally universal for all . 

• Key question 1: How do we make sense of the axioms?


• Key question 2: What can be derived using these axioms?

Πk

Πk k ≥ 2



Hamiltonian evolution and square roots

• The Schrödinger equation governs the evolution of a physical system described by a Hamiltonian  
(letting some time  pass), 





• Its solutions are famously unitaries depending on , .


• What happens if instead of letting time  pass, we let half as much time  pass?


• We get , and we have


 


• So  acts as a (generalised) square root of . This motivates the first two axioms.

H
t

iℏ
d
dt

|Ψ(t)⟩ = H |Ψ(t)⟩

t U(t) = e−itH

t t
2

U(t/2) = e−itH/2

U(t/2)U(t/2) = e−itH/2e−itH/2 (*)= e−itH/2−itH/2 = e−itH = U(t)

U(t/2) U(t)



Qualms of the Working Scientist: Anxiety.mw



Euler decomposition

• Fact: Any rotation of the sphere can be decomposed into 
three rotations along (at least) two orthogonal axes. (XZX, 
ZXZ, XYZ, etc.)


• Common system in aviation is pitch, yaw, and roll.


• Via the Bloch sphere, a choice of orthogonal axes gives a 
unique* decomposition of 1-qubit gates into rotation gates.


• Being able to resolve arbitrary Euler decompositions is 
necessary in the continuous case…


• …but if we’re willing to give this up in favour of a discrete-
but-arbitrarily-precise case, we can get away with just one!



Euler decomposition

• Looking at the Bloch sphere, we notice that (the unitary 
semantics of)  and  are (respectively) 90 degree rotations 
along the Z and X axes.


• So the equation  seems to relate a ZXZ 
Euler decomposition to an XZX one – but for which gate?


• Up to a global phase (which doesn’t exist anyway), 
, the Hadamard gate.


𝖲 𝖵

𝖲 ∘ 𝖵 ∘ 𝖲 = 𝖵 ∘ 𝖲 ∘ 𝖵

𝖲 ∘ 𝖵 ∘ 𝖲 = 𝖵 ∘ 𝖲 ∘ 𝖵 = H

H = 1

2 (1 1
1 −1)



Drama! Enter , a mysterious stranger! B3



Unitary representations of braid groups

• So, it seems models of  have some roots of distinguished maps, and 
contain a representation of the three-strand braid group in  
(??!)


• Interesting but apparently useless fact: The -strand braid group  is 
isomorphic to the mapping class group of a disk with  punctures (or marked 
points).


• If only there was some theory concerning the movement of particles in space 
and relating this to quantum computation…

Πk
Hom(I ⊕ I, I ⊕ I)

n Bn
n



Topological quantum computing

• Topological quantum computing is just that! It performs computations by braiding certain 
quasiparticles – (non-abelian) anyons – on a two-dimensional surface.


• Performing a “native gate” corresponds to braiding two particles.


• With the usual unitary semantics for  and ,





we see that this is actually a known topological quantum computer – the Ising topological 
quantum computer.


• The Ising TQC is not universal, however, so  can be seen as an extension with non-topological 
gates (e.g., via magic state distillation).

𝖲 𝖵

𝖲 = (1 0
0 i) 𝖵 = 1

2 (1 + i 1 − i
1 − i 1 + i)

Πk



Strongly cancellative rig categories

• The final piece of the puzzle concerns the inference rule which, formulated in the 
language of monoidal categories, is the property that if  implies  
(and ).


• This is not implied by the axioms of symmetric monoidal categories: some 
symmetric monoidal categories have it, others do not.


• Example:  with  has it.


• Counterexample:  with  does not.


• However, we can form a congruence that lets us make any symmetric monoidal 
category have this property by quotienting by it.  

f ⊕ g = f′￼⊕ g′￼ f = f′￼

g = g′￼

Unitary ⊕

Unitary ⊗



Models of Πk

• Models of  are rig groupoids (i.e., models of finite reversible computing) 
which are…


• Time-divisible: Contains appropriate roots of unity and .


• Topological: The three strand braid group is canonically represented.


• Strongly cancellative: The additive monoidal structure is strongly 
cancellative.


• In itself,  is (rig equivalent to) the free strongly cancellative rig category with 
generators  and  subject to the three axioms. 

Πk

𝖷

Πk
ζk : I → I 𝖵 : I ⊕ I → I ⊕ I



Full abstraction for unitaries

• Theorem: For all , the rig functor  is faithful.


• In other words: the axioms of  are exactly the ones you need to capture the equalities of 
the unitaries it can express.


• In other words:  can show the exact same equational results about its programs as can be 
shown with linear algebra, but without all of the heavy-to-implement linear algebra machinery.


• In general,  is equivalent (as a rig category) to the category of natural numbers and unitary 
matrices generated by 


k ≥ 2 [[ ⋅ ]] : Πk → Unitary

Πk

Πk

Πk

ζk = e2πi/2k 𝖵 =
1 + i

2 ( 1 −i
−i 1 )



Full abstraction for unitaries (number theory edition)

• Important special cases:


• 


•  (where )


• So surely, , right?


• No! Doesn’t continue (blame number theory).

Π2 ≃ Unitary (ℤ [ 1
2 , i])

Π3 ≃ Unitary (ℤ [ 1
2 , ω]) ω = i

Π4 ≃ Unitary (ℤ [ 1
2 , ω])



Measurement

• Born rule: Measuring a state  with an observable  results in 
outcome  with probability  and post-measurement state 

. 

• Problem: Measurement perturbs a system in a way which is not a 
consequence of the Schrödinger equation (i.e., not a unitary evolution).


• How do we handle measurement in ?

|ψ⟩ P = ∑ λmPm
k p(k) = ⟨ψ |Pk |ψ⟩

1
p(k)

Pk |ψ⟩

Πk



Measurement via dilations

• Brilliant idea (Huot-Staton): Use two successive dilations 
to simulate quantum channels using unitaries alone.


• The Gram-Schmidt procedure allows us to complete any 
isometry  to a unitary  – the required 
auxiliary vectors are unique up to unitary.


• Stinespring dilation allows us to simulate any quantum 
channel  using an isometry  
and a partial trace.


• Further, each of these are governed by simple universal 
properties relating to the two symmetric monoidal 
structures of Unitary!

ℂn → ℂm ℂm → ℂm

Mn(ℂ) → Mk(ℂ) ℂn → ℂm



Quantum information effects

• To add support for measurement, we add two capabilities in succession to 
, resulting in a new model :


• Add allocation – derive classical cloning.


• Add hiding – derive measurement.


• Both of these are computational effects in that they correspond to arrows in 
the sense of Hughes.

Πk L(R(Πk))



Staton’s axioms

• Staton gave a sound and complete set of equations 
for determining equality of quantum programs with 
measurement (quantum channels). 


• Assumed that equality of unitaries could be 
determined by some other means, focusing just on 
the semantics of measurement.


• We show that these rules can all be derived from the 
definition of measurement in  .L(R( − ))



Full abstraction for quantum channels

• Result: Let  be quantum channels. Then  by Staton’s axioms 
iff  as morphisms in .


• In other words: Every equality of quantum channels can be established using nothing but…


• Equality of pure maps in  (or any other ambient base category, such as our free 
model  — note E4 not needed in this case!).


• The rig category axioms.


• The definition of the constructions  and .


• Imminently useful for formalisation of quantum algorithms, and for quantum program 
semantics.

Λ, Γ : Mn(ℂ) → Mk(ℂ) Λ = Γ
Λ = Γ L(R(Unitary))

Unitary
Πk

L( − ) R( − )



Want to know more?
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Quantum computing improves substantially on known classical algorithms for various 
important problems, but the nature of the relationship between quantum and classical 
computing is not yet fully understood. This relationship can be clarified by free models, 
that add to classical computing just enough physical principles to represent quantum 
computing and no more. Here, we develop an axiomatization of quantum computing 
that replaces the standard continuous postulates with a small number of discrete 
equations, as well as a free model that replaces the standard linear-algebraic model 
with a category-theoretical one. The axioms and model are based on reversible classical 
computing, isolate quantum advantage in the ability to take certain well-behaved square 
roots, and link to various quantum computing hardware platforms. This approach 
allows combinatorial optimization, including brute force computer search, to optimize 
quantum computations. The free model may be interpreted as a programming language 
for quantum computers, that has the same expressivity and computational universality 
as the standard model, but additionally allows automated verification and reasoning. 

reversible computing | axiomatization | free model | category theory 

Quantum computing improves substantially on known classical algorithms for certain 
problems (1) including prime factorization (2), boson sampling (3), and Hamiltonian 
simulation (4). The nature of the relationship between classical and quantum computing 
is not yet fully understood. The literature only identifies several notions that do not 
explain the difference on their own (5), including superposition (6), entanglement (7), 
nonlocality (8), contextuality (9), and interference (10). The advantage of quantum 
computing over classical computing is often considered quantitatively: just how much 
advantage does a specific quantum algorithm have over classical ones (11)? Here, we 
consider it qualitatively: does a model of computation allow algorithms that have 
advantage over classical ones, or does it not? 

The question is difficult partly because quantum computing is often implicitly confined 
to a standard model, that uses complex linear maps (12). For a meaningful comparison, 
both classical and quantum computing must be situated within a larger landscape of 
models. We use as models bipermutative categories, the most permissive notion of 
model of computation possible. Within this framework, we identify a unified free model 
of quantum computing that can express all quantum algorithms with advantage over 
classical ones. 

To explain the free property of a model by way of example, consider combinatorics. 
The natural numbers can be completed with negatives in multiple ways: ℕ embeds 
into ℤ while preserving addition as n →→ n, but also as n →→ −n or n →→ 2n. The 
fact that these are completions with negatives means that an additive inverse for the 
number 1 is adjoined, and entails that all these embeddings are in fact the same up 
to an unimportant global scalar. The fact that it is the free completion means that 
any other completion has to encompass it. The real numbers also contain ℕ and 
allow subtraction, but additionally have many other properties that are superfluous 
for counting. Any addition-preserving embedding ℕ → ℝ factors uniquely through the 
free model ℤ (of natural numbers with negatives). In this sense, the integers are the 
smallest model, devoid of extraneous assumptions or constraints, of natural numbers 
with negatives. This is exactly what being a free model captures. See Fig. 1. Generally, 
free models are unique: they are completely determined by their defining properties 
(such as having negatives) up to a unique isomorphism (such as an unimportant 
global scalar). 

This article explains the relationship between classical and quantum computing in 
a similar way. Like adjoining −1 to the natural numbers, we adjoin a small number 
of generators with physical significance to reversible classical computing and show that 
reversible quantum computing arises as the free completion. Like the real numbers, 
any other model of reversible quantum computing, including the standard model of 
complex unitary matrices, must factor uniquely through this free one. Conversely, 

Significance 

Quantum computing holds 
great promise, but its foundations 
and the source of its advantages 
remain conceptually obscure. We 
develop a framework that con-
tains no extraneous mathematical 
assumptions and clearly sepa-
rates what is truly quantum from 
what is just classical computing in 
disguise. Instead of relying on the 
infinite precision of continuous 
complex numbers, this symbolic 
approach uses a small finite num-
ber of discrete building blocks that 
reflect physical implementations. 
Unlike traditional models, this 
model supports purely symbolic 
combinatorial reasoning, 
enabling the use of powerful 
classical computer science 
techniques. This framework is just 
as effective as traditional ones, 
and offers a rigorous, simpler 
foundation to understand and 
engineer quantum computation. 
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